Abstract. AG-decomposition of a complete digraphD n is a partition ofD n into isomorphic copies (called pages) ofG. Ã G-decomposition is said to be suborthogonal if the union of any two pages contains at most one pair of reverse arcs.
Introduction
For any positive integer n, letD n denote the complete digraph on n vertices. A decomposition ofD n is a family G = fG 1 ; : : : ;G s g of subdigraphs ofD n (called pages), such that each arc ofD n belongs to exactly one page of G . If, in addition, all pages are isomorphic to a given digraphG, we call G aG-decomposition ofD n . G Necessary conditions for the existence of aG-decomposition ofD n are n -1 0 mod d (1) n(n -1) 0 mod b; (2) where b denotes the number of arcs inG. Also, by a result of Wilson 5] , these conditions are known to be su cient whenever n is large enough.
Gronau, Mullin and Schellenberg introduced in 2] the concept of orthogonalG-decompositions (or orthogonalG-covers). A decomposition G ofD n is said to be orthogonal if the union of any two pages contains precisely one digon, i.e. a digraph isomorphic toD 2 . This precondition happens to be rather restrictive: Every non-trivial orthogonalG-decomposition ofD n consists of n pages, andG has exactly n -1 arcs.
Our objective is to study the larger class of suborthogonalGdecompositions. We call a decomposition G ofD n suborthogonal if the union of any two pages contains at most one digon. Obviously, for every digraphG there exists a suborthogonalGdecomposition G of the complete digraphD 1 . (Just choose the empty family G .) On the other hand, ifG has no arcs,D 1 is the only complete digraph with this property. IfG contains a digon, then every suborthogonalG-decomposition consists of at most one page. Hence,G has to be a complete digraph itself. In the sequel, letG always be a digraph with non-empty arc set and without digons.
In this paper we shall give a Wilson-type result for suborthogonalGdecompositions, i.e. we prove that even such a decomposition ofD n exists whenever the necessary conditions (1) and (2) contains at least 3 vertices in contradiction to (V; F ) being a pairwise balanced design. On the other hand, the two pages may not belong to the same family G F , since each of these families is a suborthogonalG-decomposition of a complete digraph. This concludes the proof.
A set K of positive integers is eventually periodic with period if, for any s 2 K, we have n 2 K for all su ciently large integers n satisfying n s mod . A deep theorem of Wilson 4] states that a PBD-closed set K is eventually periodic with period (K) = gcdfn(n -1) : n 2 Kg, and hence, with period = (K) for any positive integer . By Theorem 1, the sets SG are eventually periodic. In the following sections, we shall investigate eventual periods of SG.
Edge colorings of complete graphs
To nd (SG) or at least a multiple of this value, we need some results about edge colorings in complete graphs. Let K k = (W; E) be the complete graph on k vertices. An edge coloring of K k with b colors is a mapping : E ! f1; : : : ; bg.
For a given edge coloring of K k , we call a 4-cycle C in K k alternating if its edges e 1 = fw 1 ; w 2 g, e 2 = fw 2 ; w 3 g, e 3 = fw 3 ; w 4 g and e 4 = fw 4 ; w 1 g satisfy (e 1 ) = (e 3 ) and (e 2 ) = (e 4 ): We shall prove the following Lemma 2 Let G = (W; F) be a spanning subgraph of K k = (W; E) with edges e 1 ; : : : ; e b . There exists an edge coloring of K k such that Proof: Consider V = f0; : : : ; q -1g to be the nite eld GF(q) of order q. Let 
for any two distinct elements i and j from W. Assume, q is su ciently large. By 3], there is a k-set X = fx 1 ; : : : ; x k g V such that x j -x i 2 C(i; j) holds for all pairs (i; j) with 1 i < j k. Due to our choice of C, we also have x j -x i 2 C(i; j) if 1 j < i k. In particular, the di erences x j -x i taken over the b arcs (i; j) inG form a system of representatives of the cosets of T. Now, for every v 2 V and every t 2 T, we construct a digraphG(v; t) as the isomorphic image ofG under the mapping w ! tx w + v for all vertices w 2 W.
First, we shall show that these digraphs form aG-decomposition G ofD q . Note, that we have got the right size for the family G . There are just jVjjTj =-1 b pages in G , each of them containing b arcs. On the other hand, the complete digraphD q has exactly q(q -1) arcs. Thus, G is a decomposition ofD q if every arc ofD q occurs in at least (hence exactly) one page. For the arc (y; z) inD q , let (i; j) be the unique arc inG such that the di erence x j -x i lies in the same coset of T as the di erence z -y. Choose t = (z -y)(x j -x i ) -1 , which lies in T, and v = y -tx i , which belongs to V. It is easy to check, that (y; z) is contained in the uniquely determined pageG(t; v). It remains to show, that due to our choice of C, theG-decomposition G is suborthogonal. Assume, there are two distinct pagesG(v; t) andG(v Hence, fi; j; l; mg is a 4-set. In particular, this implies (fi; lg) = (fj; mg) as well as (fi; mg) = (fj; lg); i.e. the 4-cycle with vertices i; j; l; m in K k is alternating. By Lemma 2, at most one of the pairs fi; jg and fl; mg is an edge in G, which gives a contradiction. This concludes the proof. With the help of Lemma 5, we are able to determine an eventual period of SG. Let QG be the set of all prime powers q 1 mod 2b which are large enough in the sense of Lemma 5. By Dirichlet's Theorem on primes in arithmetic progressions, QG is non-empty, and so is SG QG. Further, (QG) is divisible by 2b. Let Lemma 7 LetG = (W; B) be a digraph without digons and with b 1 arcs. For every integer s satisfying the necessary conditions (1) and (2), there is an integer n s mod 2b such that n 2 SG.
Proof: By Wilson's original claim 5], there is an integer r s mod 2b such that r 2 DG, i.e. such that there exits aG-decomposition H of the complete digraphD r . However, H will usually not be suborthogonal. Starting with theG-decomposition H we shall construct a suborthogonal G-decomposition of a larger complete digraphD n .
First, we present some notations to be used in the sequel. Let p r 2 be a prime such that p 1 mod 2b and q = p 2 SG, where = ? r 2 . Choose n = rq with n r s mod 2b. Note, that n satis es the necessary conditions (1) and (2). Our objective is to present a suborthogonalGdecomposition ofD n .
Put U = f1; : : : ; rg, Y = f0; : : : ; p -1g, X = Y and V = U X. Suppose Y to be the nite eld GF(p) of order p, and X to be the -dimensional vectorspace over GF(p).
Consider the sequence Now, we shall show how to obtain the pages of the claimed suborthogonal G-decomposition G . First, on each of the sets fug X (u 2 U), we construct a suborthogonalG-decomposition G u of the complete digraphD q with vertex set fug X. The existence of G u is ensured by our assuption q 2 SG. In addition, for every pageH in H, every vector x 2 X, every vector t 2 T and every integer y 2 Y, we construct a digraphH(x; t; y) as the isomorphic image ofH under the mapping u ! (u; u) with u = x + (u; t) + H (u; y).
Denote the family of all these digraphs by G 0 . Thus, we have to verify that every arc ofD n occurs in at least (and hence exactly) one of the digraphs in G . Consider the arc ((i; i); (j; j)). If i = j, both vertices of the arc lie in the same set fug X. Hence, the arc belongs to a digraph in G u , which is aG-decomposition of the complete digraph on fug X. If i < j, we are looking for a digraphH from H, vectors x, t and an integer y such that ((i; i); (j; j)) lies inH(x; t; y). LetH be unique digraph in H which contains the arc (i; j). Further, let y be the coordinate indexed with (i; j) in the vector j -i, i.e. y = (j -i) (i;j) . Now, we are able to determine the vector z = j-i-H (j; y)+ H (i; y). i.e. both cases give a contradiction to our assumption. This concludes the proof. As an immediate consequence of Lemma 7 we obtain our main theorem on the asymptotic existence of suborthogonalG-decompositions.
Theorem 8 LetG be a digraph without digons and with non-empty arc set. There exists a suborthogonalG-decomposition of the complete digraphD n for all su ciently large integers n satisfying the necessary conditions (1) and (2) .
